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The authorsandco-workersare currentlyextendingtheprocedure
to manage cooperation between constellationsof satellites.5

Conclusions
We have outlined a scheme for sequencing of tasks on a micro-

spacecraft platform. The scheme is easily implemented by virtue
of its computational simplicity. Moreover, the strategy is derived
from optimal control theory. Action selection with the cue-de� cit
algorithm is seen to perform well on our microsatellite simulation
and is demonstrably robust to signi� cant failures of the satellite
solar array. Our work has also demonstrated robustness to failures
of payload, transmitters,and injectioninto nonoptimumorbits (such
as elliptical transfer orbits, rather than the mission orbit) although
these results are not shown here for brevity.

Acknowledgment
This work was partially supported by a Grant from the Lever-

hulme Trust.

References
1Creasey, R., “Implementing Spacecraft Autonomy Using Discrete Con-

trol Theory,” Space Technology, Vol. 16, No. 2, 1996, pp. 109–116.
2Horvath, J., “Spacecraft Autonomy Issues: Present and Future,” Journal

of the British Interplanetary Society, Vol. 49, No. 6, 1996, pp. 215, 216.
3Spier, E., and McFarland, D., “Finer-Grained MotivationalModel of Be-

haviour Sequencing,” 4th International Conference on Simulation of Adap-
tive Behaviour, MIT Press, Cambridge, MA, 1996, pp. 255–263.

4McFarland, D., and Spier, E., “Basic Cycles, Utility and Opportunism
in Self-Suf� cient Robots,”Robotics and AutonomousSystems, Vol. 20, Nos.
2–4, 1997, pp. 179–190.

5Radice, G., Gillies, E., Johnstone, G., and McInnes, C., “Autonomous
Action Selection for Micro-Satellite Constellations,” International Astro-
nautical Foundation,Paper ST-98-W.1.05, 1998.

Effects of Planar Thrust
Misalignments on Rigid

Body Motion

Daniel Levy de F. Rodrigues¤ and
Marcelo Lopes de O. e Souza†

National Institute for Space Research,
12227-010 São José dos Campos, Brazil

Introduction

S PACE vehicles are frequently designed to have propulsive sys-
tems capable of generating longitudinal forces with the thrust

axis passingthrough the c.m. of the vehicle.However, in many prac-
tical cases this does not occur, and a disturbancetorqueappears.The
misalignmentscan be angularor linear.Such misalignmentsusually
have low magnitude and are mainly caused by the structural design
of the vehicle, vibrations, the motion of movable parts (especially
liquids), anddisplacementsof thec.m. causedby fuelconsumption.1

Schwende and Strobl2 mention as reasonable an angular misalign-
ment ± < 0:002 rad for a typical apogee motor.

In the case of orbital transfers, the misalignment torque—even
with small magnitude—is very important because it alters the force
orientation with respect to the speci� ed strategy and, as a conse-
quence, produces an error with respect to the desired � nal orbit,
thus generating the necessity of implementing a fast and precise
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active attitude control during the orbital transfer. Longuski et al.3

presenta controlproposal that eliminates the damage caused by this
misalignmentduring propulsivemaneuvers.Their proposalconsists
of splitting it in two parts, intercalated by a time interval without
propulsion. The spin stabilization is a strategy that has also shown
very much use in apogee motors, by canceling the torque of the
transverse misalignment.

In this work we intend to verify analytically the effects of planar
thrust misalignments on rigid body motion, supposing the absence
of a fast and precise active attitude control during the propulsion.A
numerical example illustrates the situation for a hypothetical vehi-
cle. Details are in Chap. 5 of Rodrigues.4

Simpli� ed Analytical Study
Considera modelconstitutedby a rigid andconstant-massvehicle

subjectonly to a uniqueforcewith a constantorientationwith respect
to the vehicle’s principalinertiaaxes and with its applicationaxis not
intercepting the c.m. (Fig. 1). In this way, the trajectory described
by the c.m. remains in the plane that contains this force and the c.m.
Thus, we can choose a reference system O XY Z whose plane XY
contains the referred trajectory.

The equations of motion of the attitude and of the c.m. motion
with respect to O XY Z can be obtained as

I Rµ.t/ D F" where " D h sin ± C º cos± (1)

m RR.t/ D F.t/ (2)

where m is the bodymass (supposedconstant), R is the c.m. position
vector with respect to the inertial reference system O XY Z , F is
the resulting force written in terms of the O XY Z vectors, h is the
longitudinaldistance of the ideal thrust position to the c.m., I is the
inertia moment with respect to the rotation axis Z , µ is the attitude
angle, º and ± are the linear and the angular misalignments of the
thrust vector, and t is the time. From Eq. (1) we get

Pµ.t/ D .F"=I /t C Pµ.0/ (3)

µ.t/ D .F"=2I /t 2 C Pµ.0/t C µ .0/ (4)

To avoid some mathematical dif� culties, we consider zero ini-
tial conditions: R.0/ D 0; PR.0/ D 0; µ.0/ D 0, and Pµ.0/ D 0. For the
components of the c.m. position vector X .t/ and Y .t/, Eq. (2) be-
comes

m RX .t/ D F sin[.F"=2I /t2 ¡ ±] (5)

m RY .t/ D F cos[.F"=2I /t 2 ¡ ±] (6)

Approximate Analytical Solution
It is possible to obtain approximate solutions to Eqs. (5) and (6)

for t near zero and for t growing without bound. Consider initially
the case where t ! 0. In this case the relations cos µ.t/ »D 1 and
sin µ.t/ »D µ .t/ hold. Normally ± is very small, thus we can write
cos± »D 1 and sin ± »D ±. Then Eqs. (5) and (6) can be rewritten as

m RX .t/ »D .F2"=2I /t 2 ¡ F± (7)

m RY .t/ »D F (8)

Fig. 1 Linear and angular misalignments of a simpli� ed system in
planar motion.
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Equations (7) and (8) are easily integrable and give

PX0.t/ »D .F2"=6m I /t 3 ¡ .F±=m/t (9)

PY0.t/ »D .F=m/t (10)

X0.t/ »D .F2"=24m I /t 4 ¡ .F±=2m/t 2 (11)

Y0.t/ »D .F=2m/t 2 (12)

where the subscript0 indicatest ! 0. The powers of t in Eqs. (9–12)
show that the motion degenerates quickly.

By eliminating the time between Eqs. (9) and (10) and between
Eqs. (11) and (12), we get

PX0.t/ »D .m2"=6F I / PY 3
0 .t/ ¡ ± PY0.t/ (13)

X0.t/ »D .m"=6I /Y 2
0 .t/ ¡ ±Y0.t/ (14)

This model is the simpli� ed case of a vehicle under a propulsive
systemwith a misalignmenttorque.The ideal case would be without
misalignments, and, then, the vehicle c.m. trajectory would ideally
be on the Y axis. Because of the presence of the misalignments,
this trajectory degenerates, initially in the parabola described by
Eq. (14).

Equations (9–14) describe the behavior of the body c.m. for t
close to zero. In the � rst instants of the propulsion, the effects of
the misalignments are small, as shown by Eqs. (10) and (12), that
is, the component of the c.m. motion along the longitudinal axis
Y follows a linear path. But the c.m. motion quickly assumes a
parabolic behavior described by Eq. (14).

To obtain the c.m. behavior for very high values of t , we can
integrate Eqs. (5) and (6) from 0 to C1:

m
t ! 1

t D 0

RX .t/ dt D F
t ! 1

t D 0

sin

³
F"

2I
t 2 ¡ ±

´
dt (15)

m
t ! 1

t D 0

RY .t/ dt D F
t ! 1

t D 0

cos

³
F"

2I
t 2 ¡ ±

´
dt (16)

By formula 1, paragraph3.691, p. 395, Sec. 3.69–3.71 of Ref. 5,
we get

PX1 D cos± ¡ sin ±

2m
¼ F I

"
(17)

PY1 D cos ± C sin ±

2m

¼ F I

"
(18)

X1 D cos ± ¡ sin ±

2m

¼ F I

"
t C kx (19)

Y1 D
cos ± C sin ±

2m

¼ F I

"
t C ky (20)

where the subscript 1 indicates t ! C1.
Equations (17) and (18) show that for t ! C1 the c.m. veloc-

ity becomes constant despite there being a nonzero instantaneous
force acting on the body, which is explained by the fact that when t
becomes very large the angular velocity is so high that it almost in-
stantaneously occupies successive opposite angular positions, can-
celingthe linear effectsof theactingforce.A fast andpreciseattitude
control would be required to avoid this.

By eliminating t between Eqs. (17) and (18) and between Eqs.
(19) and (20), we get

PY1 D cos ± C sin ±

cos ± ¡ sin ±
PX1 (21)

Y1 D cos ± C sin ±

cos ± ¡ sin ±
X1 C k (22)

In the ideal case (º and ± D 0) the trajectory should describe a
straight line along the Y axis with speed growing linearlywith time.
In the real case (º and ± 6D 0) the trajectory becomes straight but not
necessarily along the Y axis and with constant speed, as shown by

Eqs. (17) and (18). If ± D ¼=4, then the c.m. trajectory returns to
have only the Y -axis component.

The c.m. trajectory was determined only for the situations de-
scribed (t ! 0 and t ! C1), but its intermediatebehavior remains
unknown.Some idea of this behaviorcan be obtainedby examining
Eqs. (5) and (6). These equations show that PX.t/ and PY .t/ present
oscillatory behavior, with maximum and minimum points given by
RX .t/ and RY .t/ D 0. Equations (17) and (18) show that the velocity

components converge to constant values; therefore, the c.m. veloc-
ity must be damped oscillatory. Consequently, the c.m. trajectory
for the intermediate situation should also be oscillatory.

Determining the value of t for which PY .t/ reaches its maximum
value is interesting. This value—denoted here by t¤—is important
because it indicates that if the propulsion continues the trajectory
degradationwill be more and more accentuated.Thus, t¤ can be un-
derstood as an upper bound to the thrust duration ton of the propul-
sion system for a slightly degenerate c.m. trajectory. From Eq. (6)
for PY .t/ to be maximum t should be

t¤ D
I .k¼ C 2±/

F"
(23)

with k D 1; 3; 5; : : : and the � rst maximum occurringfor k D 1. Ap-
proximating Eq. (6) by

m RY .t/ »D F 1 ¡ [.F"=2I /t 2 ¡ ±]2

2!
C [.F"=2I /t 2 ¡ ±]4

4!
(24)

the value of PY .t¤/, denoted by PY ¤, is approximated by

PY ¤ »D
F I .¼ C 2±/=F"

m
1 ¡ ¼ 2

40
C ¼ 4

3460
C

³
1
15

¡ ¼ 2

1512

´
¼±

C
³

¼ 2

630
¡ 4

15

´
±2 ¡ 4

945
¼±3 C 16

945
±4 (25)

Note that the attitude angle for this situationdependson F , ", and
I , and it will always be given by

µ ¤ »D .¼=2/k C ± (26)

For the � rst maximum and for ± D 0, it happens that µ¤ D ¼=2.
This result is an extreme µ upper bound.4

Numerical Example
Consider the hypothetical situation where we have a straight

cylindrical body with radius r D 1 m, height H D 2h D 3 m, with a
force F D 10 N, appliedperpendicularlyto the base,andº D 0:01 m,
± D 0 rad, " D 0:01 m, m D 5 kg, I D 5 kg ¢ m2, R.0/ D0 m, PR.0/ D
0 m/s, µ.0/ D 0 rad, and Pµ.0/ D 0 rad/s.

Figures 2–4 show the simulation results for the example in ques-
tion. From Fig. 2 we can observe that the c.m. velocity components
have damped oscillatory behavior whose values converge to the

Fig. 2 Center-of-mass velocity components of a simpli� ed system in
planar motion as a function of time.
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Fig. 3 Center-of-mass trajectory of a simpli� ed system in planar
motion.

Fig. 4 Propulsive ef� ciency of a simpli� ed system in planar motion.

interval of 12–14 m/s. From Eqs. (17) and (18) we get the conver-
gence values PX1 D PY1 D 12:53 m/s. The values t¤ and PY ¤ for this
example, obtained from Eqs. (23) and (25), are 12.53 s and 19.59
m/s, respectively.The actual value for PY ¤ is 19.55 m/s, indicating a
relativeerror in the analyticmodel less than 0.5% (for this example).
The ideal value of PY ¤, given by .F=m/t¤, is 25.07 m/s. Thus, the
application of the force during t¤ s ensures a propulsive ef� ciency,
equal to the relation of PY ¤ and .F=m/t¤, greater than 77% in this
case.

From Fig. 3 we can check that the approximateanalyticalsolution
agrees with the real solution for small t. The parabolic behavior of
the c.m. trajectory described by Eq. (14) is clearly evident for small
t . From Fig. 3 we also note that for large t the c.m. trajectory ap-
proaches the straight line described by Eqs. (19), (20), and (22).
When " D 0, the c.m. describes a straight trajectory in the Y direc-
tion, which in fact occurs in the � rst instants.The " 6D 0 deviates this
trajectory (the greater the value of " then the faster the deviation)
substantially.

From Fig. 4 we note that the propulsive ef� ciency ´ decreases
monotonically with time until PY .t/ reaches its � rst relative mini-
mum, with k D 3 in Eq. (23).

Despite the numericalexamplebeing speci� c, Figs. 2–4 show the
general behaviorof the c.m. perturbationsof a body subjected to the
misalignment torque F ¢ " ¢ Oez . In practice, we should avoid them by
reducing ", choosing parameters that increase t¤, thrusting during
ton ¿ t¤, and by using a fast and precise attitude control.

Conclusions
This Note presented an analytical study of the effects of planar

thrust misalignments on rigid body motion. Using some simpli� ca-
tions, we showed how the c.m. behaves in the absence of attitude
control. We showed that 1) the c.m. motion degenerates quickly
into an initial parabolic trajectory, 2) the thrust duration ton should
be much smaller than an upper bound t¤, and 3) the propulsive
ef� ciency ´ falls quickly if ton becomes comparable to t¤.
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Introduction

T HE coast-arc problem1 that de� nes the optimal trajectory of a
constant exhaust velocity space vehicle is described by a spe-

cial class of systems of differential equations, termed generalized
canonicalsystems.2 Such systemshave intrinsicpropertiesconcern-
ing the Mathieu transformationsde� ned by the general solution of
the system of differential equations governed by the integrable ker-
nel of the Hamiltonian function. By using these properties, integra-
tion of the system of differential equations describing the coast arc
in a Newtonian central force � eld is performed. As will be shown,
in contrast with other methods involving numerous integrations,3;4

the generalized canonical approach requires the evaluation of only
one integral,closelyrelated to Kepler’s classicequation.A complete
closed-formsolutionwill be obtained for elliptic,circular,parabolic
and hyperbolic motions.

The coast-arcproblem will be formulated as proposedby Powers
and Tapley5 througha two-dimensionalformulationof theequations
of motion. The three-dimensional case, considering a different set
of state variables and orbital elements,6;7 was previouslydiscussed.

Coast-Arc Problem
For completeness, previous results about the coast-arc problem

are presented.6 Let us consider the motion of a space vehicle M in
a Newtonian central force � eld during a coasting period. In a two-
dimensional formulation,5 the well-known equations of motion in
polar coordinates are:

dr

dt
D u;

du

dt
D v2

r
¡ ¹

r 2
;

dv

dt
D ¡

uv

r
;

dµ

dt
D v

r
(1)

where r is the radial distance from the center of attraction O ; u
and v are the radial and circumferentialcomponents of the velocity,
respectively; µ is the polar angle, measured from any convenient
reference line through the center of attraction; and ¹ is the gravi-
tational parameter. The adjoint variables associated with the state
variables(r; u; v; and µ )will bedenotedby (¼r ; ¼u ; ¼v ; and ¼µ ). The
coast-arc problem is then described by the following Hamiltonian
function:

H D u¼r C .v2=r ¡ ¹=r 2/¼u ¡ .uv=r/¼v C .v=r/¼µ (2)
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